MATH 5061 Lecture own 4/&/2020

Recall:  svmoth owvve V: [01) — (M.9) .

Em.ogsa o4 ¥ = E(¥) = J;‘ TR “; dt L(¥):= j. II"('(é)llD at
Fov 1-pasometen ‘familg Hd“ “fg) wl. Yo=Y . s ,
= R = [ ' .y |0 .ﬁm
(1) ds[seg -~ 2 T L <V,D,¥ > dt + = A P
=D Y oit.pt. ® E =D D,-‘l' To 3@4.«.:.%:" _
1 inclex fovwm
() d ' . '
a5 T = [ Mpavi - ROV V) dt = TWV.V)
=©wD ® ;;
® closedl gendesic ¥ .
where V= 35| ¥ € T(T'TM) of o cloved geone
§=o

Y varictio.n, Reld N

9
't ¢ eq=

De? - (Jaceb: Fietds) DQ_,DQ_V + R(v'. v ¥ =0 j Tocewi Freld

V e T(¥"tm)

Major Question: How does " curveture  offect ) topelagy ?

E’ﬁ') Gouss- Bdnnet Thw :

(local ,Hne ) (global , coarse )

2
( z .9 ) Cpt oviewtable Surface wio Wndav\a

5 Kda = 2m%(Z) ( AK(T) := 2-23ews )
k3

Cor: K> o eve it = Z'—‘-'-sz

Q: Wwnet cbout w h-'sku dimen sons ’
o whhch "Cuwa‘hure" ? Riem, Ree, R ?

* dopolegy more comphcated , T, T, H, W



Tdea: sect. cum. K >0 =7 gevdesics ave tend 4o be “pnrtame

Def?: A geodesic ¥ 75 stase H T(V,v)z0 VY VeETOTM)

(i-} ¥ hes eadpts, them we U'Czuo‘rt' V=0 ot the endP-t:.)

[ 7 steble” < " inBinttesimel locel wmm. " )

Smjﬂ“ i Let (Mm.%) be cpt orvientable Riem. maenifeid .

Supfosc ) dwM=m is even
(ii)) M has (positive sectdnel cunaturg

e Kplm>o ¥ TcTpM . ¥YPEM

Thenn: M s So‘m?lg-oonnecfed, R “,(M): o .

3 3
RQ\MA!kE NJT trwe -Fg' odd diwm. <8 M = S/T, Lens SP&(JS

. 3 _ 3
( like RP = g/l‘tii )
M: 83 (antradecetion . SU‘PPOSQ W.(M) % O . Y.

~ = Yo cM now - contractible clased LQQP, (

G“S\‘M +k¢ v Minv‘mv‘za'h‘a.\ “ P“b‘em:

;:,ﬁoE(7) = E(¥x) For some Y ~ Vo .

Note - Yn s o smosth, clased 3cnd.¢$|‘c " (M.g),
ond Ve is stable (-0 o lo cally Vhi‘ntm"v'ha)

Claim: A"“é clased geodasic " (M.g) ”"‘"\"'Fﬂ"'j (1).00) oare unstable,

. ‘ L X [} 4
H: Recall . T,.(v,v):= j 1D, Vilg - ROV, % V) &t
i ot

60_0.\‘ Fwd a paratted v.f. V | Hun T(v,.v) <o
(Dyv=o)
ot



vl Vo € T.b,(”M st. &t retuwms to the same vector
%

Ve Vo 4 oty pevatel transpevt a.bbg T once .
/')Y et P : T M — T M Parctt&i tronspant
t-0 ¥ Lo Ko Y:LQ) it o Limeer
€= Valo) Pevmatng |

Not: P‘)',(Y,:(O)) = ‘6;(0)

' 4 ’ g
Ce. P‘Y, I MY — Yu(®) € So(m-) ¥
1”4
qua( A’\S = 4 s an ea‘jemlaM vF P‘V“ T

wl. Somt e@igemvectdy Vo ¥ 0

Obtai a povallel vt \V4 b‘a fc.u.llel fmws‘porh‘j Vo

o
A . , ,
2 1L,wv) = S “}Kﬂ - RV, ¥v)dt < O
- ot \ —

>V Pa.am K(Y'A V) ll’('AV\\‘ 0

Bovme‘t- Myers Th @ | et (M",g) he o (owmplete Riem. manifold

Suppose = (1) Ric 2 (M=129 (i Ric(X,X) 2 tm-) IXNg VX cToM)

THEN: (@) diom (M) :=swe[Plp.plegem) <

(b) M cpt
c) (M) HFinite |
P
‘:XGIM?M'. (M"".s) - (Sm(i),ém...d) ) Rve = (M-O)% )
diome = T, M cpx., M =0 . \.“.
i

hon -Clased

(Pﬁ t Claim: A“‘QY:)”"'""C Y:00.0)] m M st LI¥) >T

1S uansteble. y i



Tere 0.NB. (€, €m) Rv Ty)M - st em = Yioy,

pavclwl tlomspaxyt ~—» ON.B. Bi®)... Em(®)
?MelU«' a\ovvj Y

Deme: Vi(t) := sin(T6) Bice) . f=lmam=l

Nste: D vi = Tos(me) Eily)
ot

> I(wi,vi) = j“ | Da_v: = R(¥ .V ¥ Vi) de
° ot

' 2 . R ' ’
S\ T s (t) = Sm(mt) R(V.E/.Y.EB;) dt
Y

S:u sin’ (Tt) { T - RO, E:'Y'E;)S dt

sum ::..o.-‘ M‘\ »

Mmay

Z I(V:,V:) = So' Sin (Tit) ((w\-l)'rri— Ric (7',7')7) dt

|
< S Siw (TE) - (met) (T =)t < O F £>7
)

Se, some IL(ViVi)<oOo = Y s unsteble,

prf—einow = Awy ?'16'4 Y 2 J‘u‘v\cd bj a mim, sad.csv‘c Y

Claim = L(¥) < m  Se, dim (M s,
Thes alse tmplder umvcc'twtﬂ‘ .

Consider +he Aaniversal Cavex ﬁ' & M wl. pullback metwe

: (M. %) Riczum-ny = d“";'a =W
’ - M cpt
M L " So, MM is fraiee.
(M.%) Ric 2 =109 o dyamM €T
. Cowplete M Cﬁ




“Thiek: )Hm Lvy’urbd"c

@: (AWwheat about nesaf;we Gavw ature s ?

|"Od0.m¢'d Thwm: Let (Mm,g) be “mv\e‘fe Riewm. manfad .

Suppose : (1) (M) =0

(11) hon-pesitive sectional o < 0)

weture (e K
RM

w diffeo. m s . . .
THEN: M =~ . In fact, exp, : TaM = M s o diffeormorphism .

diffes . ~
R” , so (M) =0 Foreu k2 2.

"]

?emnk:: an;,j 1), Henw M =<

Py
®

g‘ Whet can we sey abowt MM)  whenw Kgo

non -trivial

Preissman : K< 0 = omaye\x\:.... G € Ti(M) must be cyctit, fe 6= 2.

e8e oo

Yﬂ_u'. K<€o =

Submenifolel +haony

Covnsider _P : Mn E— '\—4"'”" Tmwmersion ,
M . R =
Def?: £: (M 3) — (ATF) o5 drewetme 479 29,
IMINLTSO N

H M (M7 g), tem the dactunbn Lo (M7.g) — (M3
TS aw (Sewmetwuc mbeddv‘j f 3= g\M .
Hai wey) (01’ ©s d“H-“)

FACT® Lecally, an i8vatfnt {mmersions arise

[V Y ) ewbeddled Submfd w. nduced matnc 9 ‘3 lM

Sefuf: M“C(M . 9
— -— rRL
("7\.5) e D) Lewi=Civita U ~» R Riem. onw. <
(‘\'1"3» V?

F‘Vom the dvtho Jonel sp! N‘h‘:ﬁ : T
4=
TeM) / |
w

T = TM @ (
v o
~2 Ugs = YUys + Vs



WV Levi-Civita on (M,9) on T™ ~9 R Riem. cuww. oF (M.g9)

Kwnawn:

‘ L
ond V‘L Metn'C- (ompetible  Lwnt i of M) R"' “noymel’ Cuwetmt

CQ'- How ove ‘E,R,R" relctect ?

é_" Gowss, Codeazzy, Ricei eguations. ( " Gywseramt Wh_'“,..>

RQC‘-“'» (Q"d £+ £ Skapz o?nd'or)

= 4
ha S ) '
et Sq (%) = = (T M) whewre X T(M) e T(TM)

L
Kemarks: () A s a T™M -veled (2,2) -Conrar owm M

= H:=trA e T(Tu) meencumctne = _
vectwr of MC M

[De-f” ﬁ‘:‘é’ <= M 'f a minimel wlm.mwfom.]

(b) S'l is & endlommerplei rm oF TM.

Fdndam‘td ﬁi Lov TSaVRENC TmnLrEianS

et XY, 2.T ¢ T, M. 3 € T(TH),

Qauss: <§(*.V)Z.T S =<K<RXMLTY = AMT), A2
+ <A(YT)Y. AMNLZ) Y

Qeci: {RLON, T > = <RG35 =< [8.80%.Y

Codazai : < ROAXDIZ, 0> = = (IeP) (X 2,7) + (T, (1. %,7)

whire (X.X¥,17) = <AMXX), 1 7.

gm""‘" Ricc €42 &lwmo.r frue v ddim 1 caste . (™M= dl‘m:{ -41)




?'wf’ Recall: %xY = U,Y + A(X,Y) whare XY € TLTM)

_R-(\(,‘f) 2 := sxv‘(z - 5758% B _v-fx.‘r]%

T (W2 + AcLD)) = % (9,2 + A2

-V = A(xY],3)

Cx. ~r1

n

RM2Z + A%, TUez2) = A(Y, Ux2)

= Saqap*) ¥ U (Aew)

T (x,%)(Y) T V:( x. ) = A(xY1.2)

Tawe <+, T> ,

(RIXZ,TY = <ROLDZTY=LS, (). T?

+ St T7?

Note: < (m)(x),T y = £- 5,(( o), T2

= (AMLR), 0T Y = <AL, AT D

. Y
gn‘vm‘h.b £or taa €anwm £ O"%)(Y),T )' we Sotaim Qauss Q< .

Take <-.1 5.
R0z > = <ALRRLT > = KAL) S
4 U (AOLN, TS = T (AN, ]S
~ (Al 2) 1>

Work €0m RH’- 4 (ddAaws q!:



(Trrx.2.7) =Y (0R0) - A (9x.2.7)
A%, U2 )= (02,951)

=KV (e, > - < A(Tx.2) LT
= LA, W), D
Stew'terty, for (Gx V(Y. 2.7) . Gubime t give Coderei e

Finatly , for Ricei eql . we comeidler
ﬁcx.w)q = Tyl = Y91 - Vn 'l
= %(- "lu)"'Vfr‘T) 'ﬁy(' 7(X)+V;1)
+ S (00) = Vel

= come <an au‘h‘cl gmr*.v ce e

+ (%, = 1(‘()) - (., - 7(’”) 5 novmel

padr

t R (%7
Teke <°, T 5
<RMXY)N, ¥ = <R"(%.‘r)1 %Y = < U ( W), 3?7
+ < T (S0, 3 2
On e oter hewd ,

<§7-.,( 0,57 = < < n(x), 5.{‘5 >

< Sy, S0 )

< (x),Y 7 Ricei ep?

3=




